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THE CHINESE UNIVERSITY OF HONG KONG
DEPARTMENT OF MATHEMATICS

MMATS5000 Analysis I 2015-2016
Problem Set 4: Limits

Let A be a subset of R and let ¢ € R. Prove that ¢ is a cluster point of A if and only if there exists

a sequence {a,} in A\{c} such that lim a, =c.
n—oo
Show that the set N of natural numbers has no cluster points.

Let f: R — R and let ¢ € R. Show that lim f(z) = L if and only if lim0 flx+c¢)=L.
r—c rT—r

. Use the € — ¢ definition of limit show that

Cox?—4
() fm T =4
el
b) Jim =0

By considering the negation of the € — ¢ definition, show that the following limits do NOT exist.

]
(a) 91:1~>InO ?a

(b) lim i

Give an example of two functions f,¢g : R — R and ¢ € R such that lim(fg)(z) exists, but both
Tr—c

lim f(z) and lim g(z) do not exist.
r—rc r—rc
Give an example of two functions f,g: R — R and ¢ € R such that both lim f(z) and lim(fg)(x)
xr—rc Tr—cC
exist, but lim g(z) does not exist.
r—c
o1 .

Show by any method that hn% sin — does NOT exist.

T—r X

Let f: Q — R be a function defined by f(z) = z. Show that lim f(z) = ¢ for any ¢ € R. (Note:
Tr—cC

Every real number is a cluster point of Q.)
Let f: R — R be a function defined by

rz ifzxeqQ,
flz) =

—x otherwise.

Show that liin f(z) does not exist for any nonzero number ¢ and lir% f(z) = 0. (Remark: What is
T—C T—

the difference between the functions in this question and the previous question?)

Let f: R — R be a function such that lin%)f(x) = L,and let a > 0. If g : R — R is defined by
z—>
g(x) := f(ax) for x € R, show that 111% g(x) = L.
z—

Let f, g be defined on A C R to R, and let ¢ be a cluster point of A. Suppose that f is bounded
on a neighborhood of ¢ and that lim g(x) = 0. Prove that lim(fg)(z) = 0.
Tr—cC r—c
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Let f: R — R be such that f(x +y) = f(x) + f(y) for all z,y € R. Assume that lin% flz) =1L
T—
exists. Prove that L = 0, and then prove that f has a limit at every point ¢ € R.

Suppose the function f : R — R has the property that there is some M > 0 such that
|f(x)] < M|z[*  forall z € R.

Prove that
lim f(z) = lim f@) =0.

x—0 z—0 X

Establish the squeeze theorem at infinity.
Let f:(0,a) — R for some a > 0. Establish a definition of right hand limit of the function f at 0.
Let ¢ € R and let f be defined for x € (¢,+00) and f(xz) > 0 for all € (¢,+00). Show that

1
lim f(z) = 400 if and only if lim —— = 0.

T—c T—c f(aj)



